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We investigate the finite-size corrections of the entanglement entropy of critical ladders and pro-
pose a conjecture for its scaling behavior. The conjecture is verified for free fermions, Heisenberg
and quantum Ising ladders. Our results support that the prefactor of the logarithmic correction of
the entanglement entropy of critical ladder models is universal and it is associated with the central
charge of the one-dimensional version of the models and with the number of branches associated
with gapless excitations. Our results suggest that it is possible to infer whether there is a violation
of the entropic area law in two-dimensional critical systems by analyzing the scaling behavior of the
entanglement entropy of ladder systems, which are easier to deal.
PACS numbers: 05.30.-d, 03.67.Mn, 64.60.an
Introduction. Entanglement is a very peculiar property
of composite systems which has intrigued the physicists
since the beginning of quantum mechanics. The entan-
glement is a fundamental ingredient to teleport quantum
states and it is also an important key in quantum com-
putation and quantum information [1]. Among the var-
ious quantifiers of entanglement, the entanglement en-
tropy (EE) is one of the most used since it is sensitive
to the long-distance quantum correlations of critical sys-
tems.
In the last years, physicists working in distinct areas
(such as quantum information, quantum field theory and
condensed matter) have made a great effort to under-
stand the scaling behavior of the EE of bipartite systems.
In particular, the violation of the entropic area law has
been a highly debated issue in recent years [2–16]. The
EE of two composite subsystems A and B is defined as
the von Neumann entropy SA = −TrρA ln ρA, associ-
ated to the reduced density matrix ρA = TrBρ. Since
SA = SB, the information is shared only among the de-
grees of freedom localized around the surface (“area”) sep-
arating both systems, due to this fact it is expected that
the EE of cube A with side N behaves as SA ∼ N d−1,
where d is the dimension and N d−1 is the boundary
”area” separating the regions A and B. Indeed, this
scaling behavior is expected for gapped systems [17] and
was also observed for some critical systems (see Ref. 13
and references therein). On the other hand, some mod-
els such as the one-dimensional critical systems [18], the
free fermions systems with a finite Fermi surface in any
dimension [7, 8], the two-dimensional (2D) Heisenberg
model [19, 20] and the 2D conformal critical systems
[21, 22] present beyond theN d−1 correction a logarithmic
term.
It is well known that the prefactor of the logarithmic
correction of critical one-dimensional systems of size L is
universal and it is associated with the central charge c by
the following equation [18]
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Figure 1: (Color online) Illustration of six-leg ladders divided
into two entangled blocks. In (a) the subsystemA is immersed
in the middle of the system while in (b) the subsystem A is in
corner of the ladder. We also present the labels of the sites.
S(L, ℓ) =
c
3η
ln
[
ηL
π
sin
(
πℓ
L
)]
+ a, (1)
where ℓ is the size of the subsystemA, a is a non-universal
constant and η = 1(2) for the systems under periodic
(open/fixed) boundary conditions. Note that other sub-
leading corrections exist and are related with the scaling
dimensions [23].
For any dimension d, it is expected the following gen-
eral behavior for the EE of a cube A with side N (see
Fig. 1)
S(ℓ) = AN d−1 + C(N ) ln (N ) +B. (2)
In this work, we determine numerically C(N ) for some
quantum ladders and found that it is universal. The N -
leg ladders are characterized by N parallel chains of size
L coupled one to each others [24]. We denote the size of
the ladders by N × L. The N -leg ladders are easier to
deal than the two-dimensional systems and can be used
as a simple route to study the EE of the two-dimensional
systems. Here, we consider ladders composed of the fol-
lowing critical chains: free fermions chains, Heisenberg
chains and the quantum Ising chains.
2Although most of the works done in the literature con-
sider the subsystem A immersed in a “reservoir”, as illus-
trated in the Fig. 1(a), for ladder systems is convenient
to consider the subsystem A in the corner of the ladders
[see Fig. 1(b)]. Our main aim is to present a conjecture
to the scaling behavior of the EE of critical ladders. Sur-
prisingly, we verify that the finite-size corrections of the
EE of quantum ladders are very similar to those of criti-
cal chains [Eq. (1)]. Consider a ladder system composed
of N quantum chains of size L, and let ℓ be the number
of sites of the block A labeled as Fig. 1(b). We propose
that the scaling behavior of the EE of critical ladders is
given by
S(ℓ) = AN +
c
3ηx
Ngl ln
[
sin
(
πℓ
NL
)
sin
(
π
L
)
]
+B
+
[N
2
]∑
j=1
aj cos (2πℓj/N) , (3)
where c is the central charge (of the quantum chain
used to build the ladders), Ngl is the number of dis-
persion branches associated with the gapless excitations
for a given energy, ηx=1 (2) for ladders under periodic
(open/fixed) boundary in the x direction and A, B and aj
are non-universal constants. The last term in the above
equation is an ansatz that we use which has been shown
to be efficient for describing the oscillations of the EE.
The importance of the number of gapless modes in the
the EE have been discussed in spin systems [25] and bo-
son systems. [26] The above conjecture indicates that
the prefactor of the logarithmic correction of the EE of
critical ladders is universal and it is related with the uni-
versality class of critical behavior of the chains that are
used to build the quantum ladders. Note that for gapped
systems Ngl = 0 and the Eq. (3) suggests us that the en-
tropic area law holds in this case, as expected. Below,
we present results for critical ladders that support our
conjecture.
Free Fermions Ladders. Let us first consider a free-
fermions ladders whose Hamiltonian is given by
H =
∑
kx,ky
E(kx, ky)c
†
kx,ky
ckx,ky , (4)
where the dispersion is E(kx, ky) = −2 [cos(kx) + cos(ky)]
and sum is taken for all wave numbers in the Brillouin
zone. The momenta are given by kx = jx
2π
L
[jx
π
L+1 ]
and ky = jy
2π
N
[jy
π
N+1 ] for periodic [open] boundary
condition in x and y directions, respectively. The vari-
ables jx and jy are integers and its values depend on the
boundary conditions.
In the case of free fermions systems it is possible to de-
termine the EE for very large systems by using the cor-
relation matrix method [27]. Note that in principle it is
possible to use the Widom conjecture [6, 28] to determine
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Figure 2: (Color online) The band dispersions of the four-leg
free fermions ladders for different boundary conditions. The
horizontal dashed lines indicate the positions of the Fermi
levels for three values of densities ρ. We also indicate the
values of Ngl associated with each density. Note that some
branches are degenerate.
the prefactor that appears in the logarithmic correction
(see for example Ref. 12). However, we observe that this
prefactor is easier to understand in terms of the number
of gapless modes Ngl that cross the Fermi level. For the
sake of clarification, we display in Fig. 2 the band disper-
sions for the four-leg ladder as well as the values ofNgl for
some densities ρ. For the half-filling case with periodic
boundary condition (PBC) in the x direction and open
boundary condition (OBC) in y direction, the number of
gapless modes that cross the Fermi level is equal to the
number of legs, i. e., Ngl = N (for the other boundary
conditions Ngl ≈ N for large values of N). So, based in
our conjecture we expect that the EE for large values ofN
and L behaves as S(ℓ = NL/2) = AN + 16N ln(
L
π
) + B,
which suggest that the entropic area law is broken for
the half-filling case. Indeed, this was observed in free
fermions systems in two dimensions [5–7, 11, 29].
In Fig 3(a), we present S(ℓ) as function of ℓ for a cluster
of size 4×750 with PBC [OBC] in the x [y] direction and
three values of densities. As we observe, the data ob-
tained by the correlation matrix method agree perfectly
with the conjecture proposed [Eq. (3)]. In the fitting
procedure, we used c = 1 (which corresponds to the cen-
tral charge of the one-dimensional chain) and the values
of Ngl used were obtained counting the number of gapless
modes that cross the Fermi level, as illustrated in Fig. 2.
Similar agreements are found for several other ladders,
as shown in Fig. 3(b).
In order to understand the contribution of the first
term of Eq. (3), we present in Fig. 3(c) the EE for the
20 × 60 and the 40 × 120 clusters with PBC [OBC] in
the x [y] direction at half-filling. As we can note, S(ℓ)
grows lineary for ℓ ≤ N and the logarithmic scaling is
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Figure 3: (Color online) S(ℓ) vs. ℓ for the free fermions lad-
ders. (a) Results for a cluster 4 × 750 and three values of
ρ. Inset: S(ℓ) for few sites. In order to show all data in the
figure we added some constants in the values of S. (b) Data
of the EE for several ladders at half-filling. From these fits
we get A = 0.56, B = 0.37. The non-universal constants aj
are small and varying from −0.04 to −0.01. (c) Results for
the twenty- and forty-leg ladders at half-filling. In (a) and (b)
the symbols are the data obtained by the correlation matrix
method (see text) and the solid lines connect the fitted points
by using our conjecture [Eq. 3].
present only for ℓ ≥ N [see inset of Fig. 3(c)]. If we
impose an ansatz for S(ℓ) similar to the Eq. (1) and
use the fact that S(ℓ) is continuous at ℓ = N (i. e.,
AN+B = c3ηxNgl ln
[
NL
π
sin
(
π
L
)]
+a) we realize that the
EE must behave as Eq. (3). This is very interesting, since
in principle we can obtain the prefactor A by studying
the behavior of S(ℓ) for ℓ < N , which is easier to obtain.
Heisenberg Ladders. Now, let us consider the N -leg
spin-s Heisenberg ladders whose hamiltonian is given by
H = J
N∑
i=1
L−1∑
j=1
Si,j · Si,j+1 + J
N−1∑
i=1
L∑
j=1
Si,j · Si+1,j ,
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Figure 4: (Color online) (a) S(ℓ) for the Heisenberg ladders
with spins s = 1/2 and s = 3/2. The symbols are the data ob-
tained by DMRG and the solid lines connect the fitted points
by using our conjecture [Eq. 3] with c = 1 and Ngl = 1. From
these fits we get A = 0.27 and B = 0.16 for s = 1/2. Inset
shows S(ℓ) for few sites. (b) S(ℓ = NL/2) − AN − B vs.
−1/6 ln
[
sin
(
pi
L
)]
for several cluster sizes with s = 1/2.
where Si,j is the spin-s operator at the i-th leg and j-th
rung. We have set J = 1 to fix the energy scale. It is well
known that the N -leg spin-s Heisenberg ladders is gap-
less (gapped) if sN is semi-integer (integer) [24, 30], see
also the Ref. 31 and references therein. Here, we focus in
the case of critical ladders, i. e. sN is semi-integer. For
the Heisenberg ladders case, we obtained numerically the
EE by using the density-matrix renormalization group
(DMRG) [32]. For simplicity we consider only OBC in
both directions. The spin-s Heisenberg chains with semi-
integer spins have central charge c = 1 [33]. Besides,
based in the spin wave approximation it is expected that
the dispersion of the 2D Heisenberg model has one Gold-
stone mode E(k) ∼
√
k2x + k
2
y. Since the number of legs
N is finite, the values of ky are discrete. Due to this
fact, in analogous to the free fermions case, there is just
one dispersion branch (E(kx, 0) ∼ |kx|) associated with
gapless excitations that crosses the energy of the ground
state, i.e. Ngl = 1. In Fig. 4(a), we display the S(ℓ)
as function of ℓ for the Heisenberg ladders with spins
s = 1/2 and s = 3/2. Similar to the free fermions case,
the Eq. (3) reproduces quite well the scaling behavior
of S(ℓ) if we use c = 1 and Ngl = 1. Note that in this
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Figure 5: (Color online) (a) Finite-size estimates of the critical
point, λc(N,L), as function of 1/L for the two- and three-leg
Ising ladders. Inset: λNc vs. 1/N . (b) S(ℓ) vs. ℓ for three
values of N at the critical points. The symbols are the DMRG
results and the solid lines connect the fitted points by using
our conjecture [Eq. 3] with c = 1/2 and Ngl = 1. In order
to show all data in the figure we added some constants in the
values of S. Inset shows S(ℓ) for few sites.
case, our results suggest that a violation of the entropic
area law is not expected in the two-dimensional systems.
The EE for large values of N and L should behave as
S(ℓ = NL/2) = AN+ 16 ln(
L
π
)+B. In order to verify this,
we present in Fig. 4(b) S(ℓ = NL/2)−AN −B as func-
tion of −1/6 ln
[
sin
(
π
L
)]
. As we see, the data strongly
indicate that the prefator of the logarithmic term is 1/6
for the Heisenberg ladders when the subsystem is in the
conner. Note that this result is intriguing, at least for the
point of view of N uncoupled chains under OBC, which
could suggest that the prefactor is N/6. Note that Monte
Carlo simulations [19] as well as the DMRG results [20]
show a similar behavior for the scaling of the EE for other
aspect ratio.
Quantum Ising Ladders. Finally, let us consider the
N -leg quantum Ising ladders whose hamiltonian is given
by
H =
N∑
i=1
L−1∑
j=1
σxi,jσ
x
i,j+1+
N−1∑
i=1
L∑
j=1
σxi,jσ
x
i+1,j+λ
N∑
i=1
L∑
j=1
σzi,j ,
where σx,y,zi,j are Pauli matrices at the i-th leg and j-
th rung. The one-dimensional case, i. e. N = 1, has
a critical point at λc = 1 and its critical behavior is
described by a conformal field theory with central charge
c = 1/2. In order to test the validity of Eq. (3) for
the Ising ladders, we have first to determine the critical
values of λNc for each value of N . First, we get the finite-
size estimates of λc(N,L) using the EE as reported in
Ref. 34. Then, we assume that λc(N,L) behaves as
λc(N,L)= λc(N) + a/L + b/L
2, and finally we fit the
data to obtain λc(N). As illustration, we present in Fig.
5(a) λc(N,L) as function of 1/L for the two and three-
leg Ising ladders. By fitting our data we obtained λc(N)
= 1.838, 2.219, 2.443, 2.578, and 2.670 for N = 2, 3, 4, 5
and 6, respectively. It is interesting to note that if we
extrapolate these estimates to obtain λc(∞), as report
in the inset of Fig. 5(a), we obtain λ2Dc = λc(∞) = 3.1,
which is close to the estimates of the critical point of
the two-dimensional quantum Ising model obtained by
Monte Carlo [35] (λ2Dc = 3.044) and by the multiscale
entanglement renormalization ansatz [36] (λ2Dc = 3.07).
The small discrepancy between our estimate and the last
ones is very probable associated with the small lattice
sizes considered to extrapolate our data.
As in the Heisenberg model, it is expected thatNgl = 1
for the critical Ising ladders, and we do not anticipate a
violation of the entropic area law for the two-dimensional
quantum Ising model. The EE should behaves, at the
critical point, as S(ℓ = NL/2) = AN + 112 ln(
L
π
) + B,
for OBC in both directions. In Fig. 5(b), we present the
EE of the Ising ladders at the critical points acquired by
DMRG for N = 2, 3 and N = 4. As we can note in this
figure, the conjecture proposed [Eq. (3)] also reproduces
quite well the scaling behavior of the EE of the critical
Ising ladders.
Conclusions. We present an ansatz [Eq. (3)] for the
finite-size corrections of the entanglement entropy of crit-
ical ladders. We verify that the ansatz is able to repro-
duce quite well the scaling behavior of the entanglement
entropy of some critical ladders, namely: free fermions
ladders, Heisenberg ladders and Ising ladders. Prelim-
inary results of the quantum q = 3 Potts ladders (not
shown) also corroborate with the scaling behavior of the
entanglement entropy proposed. All those results sup-
port that the prefactor of the logarithmic correction of
the critical ladders is universal and it is related with cen-
tral charge of the one-dimensional version of the model
as well as the number of branches associated with gap-
less excitations. Note that Eq. 3 is valid for L >> N
and only when the subsystem A is consider in the corner
of the ladder. A puzzle still unsolved, is find the exact
value of the prefactor of the logarithmic term, when the
subsystem A is immersed in the middle of the ladders.
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